Bell inequalities, understood as constraints between classical conditional probabilities, can be derived from a set of assumptions representing a common causal explanation of classical correlations. A similar derivation, however, is not known for Bell inequalities in algebraic quantum field theories establishing constraints for the expectation of specific linear combinations of projections in a quantum state. In the paper we address the question as to whether a 'common causal justification' of these non-classical Bell inequalities is possible. We will show that although the classical notion of common causal explanation can readily be generalized for the non-classical case, the Bell inequalities used in quantum theories cannot be derived from these non-classical common causes. Just the opposite is true: for a set of correlations there can be given a non-classical common causal explanation even if they violate the Bell inequalities. This shows that the range of common causal explanations in the non-classical case is wider than that restricted by the Bell inequalities.
Introduction
The original context which led to the formulation of the Bell inequalities was the intention to accomodate quantum correlations in a locally causal theory. The clearest formulation of such a theory is due to Bell himself (Bell, 1987, p. 54) . In a number of seminal papers Bell carefully analyzed the intuitions lying behind our notion of locality and causality. His major contribution, however, consisted in translating these intricate notions into a simple probabilistic language which made these notions tractable both for mathematical treatment and later for experimental testability. This probabilistic framework made it possible to exactly identify the probabilistic requirements responsible for the violation of the Bell inequalities in the EPR scenario. A decade later authors like Van Fraassen (1982) , Jarrett (1984) and Shimony (1986) spent much time to analyze the philosophical consequences of giving up either the one or the other of these probabilistic assumptions. It also turned out soon that the conceptual framework in which the Bell inequalities can be treated most naturally is the common causal explanation of correlations, originally stemming from Reichenbach (1956) and later adopted to the EPR case by Van Fraassen (1982) .
Since the aim of these considerations was to accomodate the EPR scenario in a classical world picture, both Bell and the subsequent writers used a classical probabilistic framework in their analysis. All the assumptions representing locality and causality and also the resulting Bell inequalities were formulated in the language of the classical probability theory. Now, if the Bell inequalities were classical, how could they be violated in the EPR scenario which is well known to be described by quantum theory? Well, the answer is that quantum theory with its mathematical structure and ontological commitments played no role at all in the Bell scenario. Quantum mechanics was only used to generate classical probabilities, more specifically, classical conditional probabilities by the Born rule. These classical conditional probabilities, however, could also have been gained directly from the experiments, and indeed later they have been gained so. In other words, the original context of the Bell inequalities has no intimate link to quantum theory even if quantum theory produces probabilities which, reinterpreted as classical conditional probabilities, violate those inequalities. This classical view on the Bell inequalities manifests itself in various authors. Nicolas Gisin for example writes: "Bell inequalities are relations between conditional probabilities valid under the locality assumption." (Gisin 2009, p. 126) In the face of all these, the Bell inequality has made its way into quantum theory. It has been soon formulated as a general mark of entanglement of the given quantum state on a C * -algebra (Summers and Werner 1987a, b) . A quote from Bengtson and Zyczkowski (2006, p. 362) might illustrate this change of focus in the role of Bell inequalities: "The Bell inequalities may be viewed as a kind of separability criterion, related to a particular entanglement witness, so evidence of their violation for certain states might be regarded as an experimental detection of quantum entanglement." How could the Bell inequality make its way to this non-classical formalism so alien from its original context? Does there exist a justification for this 'trespass' ?
In this paper we would like to investigate a possible justification for this transition. In this justification we intend to follow the route pioneered by Bell, Van Fraassen, Jarrett, Shimony and others in that we stick to the conviction that the Bell inequalities follow from the requirement of implementing correlations into a locally causal theory. We transcend, however, this view in not assuming that this theory has to be classical. Or in other words, we pose the question whether the probabilistic requirements representing local causality and constituting the core of the Bell inequalities can be reasonable formulated also in a non-classical theory.
A natural candidate for such a non-classical theory with clear conceptions of locality and causality is algebraic quantum field theory (AQFT) (Haag, 1992) . In AQFT events are represented by projections with well defined spacetime support and local causality is ensured by a set of axioms. Hence we can pose the question as to whether the Bell inequalities featuring in AQFT follow from a locally causal explanation of correlations in a similar manner to the classical case. Since we intend to give a causal explanation for correlations between events, therefore causal explanation is meant to be a common causal explanation. We will see that the connection between a common causal explanation and the Bell inequalities in AQFT is not so tight as in the classical case. In the classical case common causes necessarly commute (in the set theoretical 'meet' operation) with their effects. Since the quantum events of AQFT form a noncommutative structure, one can decide whether to require that common causes commute with their effects or not. If commutativity is required, the Bell inequalities will follow from the common cause just like in the classical case. But, as we will argue, requiring commutativity is only a remininscence of the classical treatment of correlations and is completely unjustified in the quantum case (see e.g. (Clifton, Ruetsche 1999) ). For noncommuting common causes the Bell inequalities will turn out not to be derivable from the presence of the common cause-at least not in the similar way to the the classical derivation. This raises the question whether correlations violating the Bell inequalities can have a noncommuting common causal explanation. We will answer this question in the affirmative showing up a situation when a set of correlations maximally violating a specific type Bell inequality has a common causal explanation, which is local in the sense that it can be accomodated in the intersection of the causal pasts of the correlating events. The model we use for this example is the local quantum Ising model, the simplest AQFT with locally finite degrees of freedom.
The paper is structured as follows. In Section 2 we briefly collect the most important concepts and some of the representative propositions concerning the Bell inequality in AQFT. In Section 3 and 4 we give the definition of the classical and the non-classical common causal explanations, respectively, and show how these explanations relate to the Bell inequalities. Since the correct 'translation' of the so-called locality and no-conspiracy conditions of the classical common causal explanation into the non-classical setting is a subtle point not needed for our main purpose, we transfer it into the Appendix. Now, the common causal explanations in the EPR-Bell scenario is always meant as providing a joint common cause for a set of correlations. Providing a joint common cause for a set of correlations is much more demanding than simply providing a common cause for a single correlation. Therefore in Section 5, preparing for the more complicated case, we investigate the possibility of a common causal explanation of a single correlation, or in the philosophers' jargon, the status of the Common Causal Principle in AQFT. In Section 6 we return to our original question and present a noncommutative common causal explanation for a set of correlations maximally violating some Bell inequalities. In Section 7 we briefly analyze the philosophical consequences of applying noncommuting common causes in our causal explanation. We conclude the paper in Section 8.
The Bell inequality in algebraic quantum field theory
In this Section we collect the most important concepts and some of the representative propositions concerning the Bell inequality in AQFT (see (Summers 1990 ) and (Halvorson 2007) ). We start with the general C * -algebraic setting and then go over to the special algebraic quantum field theoretical formulation.
In the general C * -algebraic setting Bell inequality is treated in the following way. Let A and B be two mutually commuting C * -subalgebras of some C * -algebra C. A Bell operator R for the pair (A, B) is an element of the following set:
where 1 is the unit element of C. For any Bell operator R the following can be proven:
Theorem 1. For any state φ : C → C, one has |φ(R)| √ 2.
Theorem 2. For separable states (i.e. for convex combinations of product states) |φ(R)| 1.
The Bell correlation coefficient of a state φ is defined as
and the Bell inequality is said to be violated if β(φ, A, B) > 1, and maximally violated if β(φ, A, B) = √ 2. An important result of Bacciagaluppi (1994) is the following:
Theorem 3. If A and B are C * -algebras, then there are some states violating the Bell inequality for A ⊗ B iff both A and B are non-abelian.
Going over to von Neumann algebras Landau (1987) has shown that the maximal violation of the Bell inequality is generic in the following sense: Adding further constraints on the von Neumann algebras one obtains other important results such as the following two:
Theorem 5. If N 1 and N 2 are properly infinite 2 von Neumann algebras on the Hilbert space H such that N 1 ⊆ N ′ 2 , and (N 1 , N 2 ) satisfies the Schlieder-property, then there is a dense set of vectors in H inducing states which violate the Bell inequality across (N 1 , N 2 ) (Halvorson and Clifton, 2000) .
Theorem 6. Let H be a separable Hilbert space and let R be a von Neumann factor of type III 1 acting on H. Then every normal state φ of B(H) maximally violates the Bell inequality across (R, R ′ ) (Summers and Werner, 1988) .
Type III factors featuring in Theorems 5-6. are the typical local von Neumann algebras in AQFT with locally infinite degrees of freedom. Here we briefly survey the basic notions of the theory. In AQFT observables (including quantum events) are represented by unital C * -algebras associated to bounded regions of a given spacetime. The association of algebras and spacetime regions is established along the following lines.
(i) Isotony. Let S be a spacetime. A double cone in S is the intersection of the causal past of a point x with the causal future of a point y timelike to x. Let K be a collection of double cones of S such that (K, ⊆) is a directed poset under inclusion ⊆. The net of local observables is given by the isotone map
The quasilocal observable algebra A is defined to be the inductive limit C * -algebra of the net {A(V ), V ∈ K} of local C * -algebras.
(ii) Microcausality. The net {A(V ), V ∈ K} satisfies microcausality (aka Einstein causality):
where primes denote spacelike complement and algebra commutant, respectively. A(V ′ ) is the smallest C * -algebra in A containing the local algebras
(iii) Covariance. Let P K be the subgroup of the group P of geometric symmetries of S leaving the collection K invariant. A group homomorphism α : P K → Aut A is given such that the automorphisms α g , g ∈ P K of A act covariantly on the observable net:
To the net {A(V ), V ∈ K} satisfying the above requirements we will refer to as a P K -covariant local quantum theory. If S = M is the Minkowski spacetime and K is the net of all double cones then P K is the Poincaré group, and we obtain Poincaré covariant algebraic quantum field theories with locally infinite degrees of freedom. Restricting the collection K one can obtain P K -covariant local quantum theories with locally finite degrees of freedom, for instance our example, the local quantum Ising model (see below).
A state φ in a local quantum theory is defined as a normalized positive linear functional on the quasilocal observable algebra A. The corresponding GNS representation π φ : A → B(H φ ) converts the net of C * -algebras into a net of C * -subalgebras of B(H φ ). Closing these subalgebras in the weak topology one arrives at a net of local von Neumann observable algebras:
′′ , V ∈ K. Von Neumann algebras are generated by their projections, which are called quantum events since they can be interpreted as 0-1-valued observables. The expectation value of a projection is the probability of the event that the observable takes on the value 1 in the appropriate quantum state. Two commuting quantum events A and B are said to be correlating in a state φ if
2 The center contains no finite projections.
If the events are supported in spatially separated spacetime regions V A and V B , respectively, then the correlation between them is said to be superluminal. To see that superluminal correlations violating Bell inequalities abound in Poincaré covariant algebraic quantum field theories, one has to introduce further requirements on the representations of A (see Haag 1992): (iv) Unitary implementability. There is a strongly continuous unitary representation of the Poincaré group, U : P → B(H φ ), such that
(v) Vacuum condition. There is a (up to a scalar) unique vector Ω in the Hilbert space H 0 corresponding to the vacuum state φ 0 such that U (g)Ω = Ω for all g ∈ P.
(vi) Spectrum condition. (Schlieder, 1969) . Therefore Theorem 4 applies to these algebras stating that there is a state maximally violating the Bell inequality across these local algebras. Moreover, if the net is non-trivial 3 , then the local von Neumann algebras are properly infinite. This makes Theorem 5 applicable to local von Neumann algebras supported in spacelike separated double cones stating that there is a dense set of vectors in H inducing states which violate the Bell inequality.
Being properly infinite the von Neumann algebras cannot be of type I n and II 1 but they still can be of type I ∞ or II ∞ . However, a set of independent results indicates that the local von Neumann algebras are of type III, more specifically hyperfinite 4 factors of type III 1 . Buchholz et al. (1987) proved that the local algebras for relativistic free fields are type III 1 and it was also shown that one can construct the local von Neumann algebras as a unique type III 1 hyperfinite factor from the underlying Wightman theory by adding the assumption of scaling limit (see (Fredenhagen (1985) ).
Instead of deriving the type of the von Neumann algebras from more general physical requirements, one also can explicitely add this condition as a new axiom of AQFT:
(viii) The type of the algebras. For every double cone V the von Neumann algebra N (V ) is of type III 1 .
Under conditions (i)-(viii) the local von Neumann algebras supported in spacelike separeted double cones satisfy the assumptions of Theorem 6, therefore every normal state will maximally violate the Bell inequality across pairs of algebras supported in spacelike separated double cones. Finally, we mention a physically important consequence of Theorem 6:
Theorem 7. The vacuum state maximally violates the Bell inequality across the wedge As said above, the Bell inequality typically used in AQFT is of the following form:
where
X m , Y n 1 for m, n = 1, 2) supported in spatially separated spacetime regions V A and V B , respectively. This type of Bell inequality is usually referred to as the Clauser-Horne-Shimony-Holte (CHSH) inequality (Clauser, Horne, Shimony and Holt, 1969) . Sometimes in the EPR-Bell literature another Bell-type inequality is used instead of (1): the Clauser-Horne (CH) inequality (Clauser and Horne, 1974) defined in the following way:
where A m and B n are projections located in N (V A ) and N (V B ), respectively. It is easy to see, however, that the two inequalities are equivalent: in a given state φ the set {(A m , B n ); m, n = 1, 2} violates the CH inequality (2) if and only if the set {(X m , Y n ); m, n = 1, 2} of self-adjoint contractions given by
violates the CHSH inequality (1). Therefore, from now on we will concentrate only on the CH-type Bell inequalities.
In the next two sections we turn to the common causal explanation behind the Bell inequalities. In the next Section we introduce the basic notions of the classical common causal explanation leading to the Bell inequalities; in the subsequent Section we generalize these notions for the quantum case.
Classical common causal explanation
Let us begin with Hans Reichenbach's (1956) original definition which is historically the first probabilistic characterization of the notion of the common cause. Let (Ω, Σ, p) be a classical probability measure space and let A and B be two positively correlating events in Σ:
Definition 1. An event C ∈ Σ is said to be the Reichenbachian common cause of the correlation between events A and B if the following conditions hold:
where C ⊥ denotes the orthocomplement of C and p( · | · ) is the conditional probability defined by the Bayes rule. One refers to equations (6)- (7) as the screening-off conditions and to inequalities (8)- (9) as the positive statistical relevancy conditions.
Reichenbach's definition, however, cannot be applied directly to AQFT for four reasons. First, the positive statistical relevancy conditions restrict one to common causes which increase the probability of their effects; or in other words, they exclude negative causes. Second, the definition also excludes situations in which the correlation is not due to a single cause but to a system of cooperating common causes. Third, it is silent about the spatiotemporal localization of the events. Fourth and most importantly, it is classical.
Let us first address the first two problems. Let A and B be two correlating events in a classical probability measure space (Ω, Σ, p) that is
Definition 2. A partition {C k } k∈K in Σ is said to be the common cause system of the correlation (10) if the following screening-off condition holds for all k ∈ K:
where |K|, the cardinality of K is said to be the size of the common cause system. A common cause system of size 2 is called a common cause (without the adjective 'Reichenbachian', indicating that the inequalities (8)- (9) are not required).
Concerning the third problem, namely, the localization of the common cause, one has (at least) three different options. Suppose that the two events A and B are localized in two bounded and spatially separated regions V A and V B of a spacetime S. Then one can localize {C k } either (i) in the union or (ii) in the intersection of the causal past of the regions V A and V B ; or (iii) more restrictively, in the spacetime region which lies in the intersection of causal pasts of every point of V A ∪ V B . Formally, we have
where I − (V ) denotes the union of the backward light cones i.e. the causal pasts I − (x) of every point x in V (Rédei, Summers 2007 ). We will refer to the above three pasts in turn as the weak past, common past, and strong past of A and B, respectively (see Fig. 1 ). The notion of these pasts presupposes a spacetime localization structure of the classical event algebra. (For such an attempt see (Henson, 2005) .) 0000000000000000000000 0000000000000000000000 0000000000000000000000 0000000000000000000000 0000000000000000000000 0000000000000000000000 0000000000000000000000 0000000000000000000000 0000000000000000000000 0000000000000000000000 0000000000000000000000 0000000000000000000000 0000000000000000000000 0000000000000000000000 0000000000000000000000 0000000000000000000000 0000000000000000000000 0000000000000000000000 Now, suppose that we do not face one correlation (A, B) but a set of correlations that is events
If our aim is to explain all of these pair-correlations {(A m , B n ); m ∈ M, n ∈ N } by a single common cause system, then we are led to the following definition:
Definition 3. A partition {C k } k∈K in Σ is said to be a joint 6 common cause system of the set of correlations {(A m , B n ); m ∈ M, n ∈ N } if the following screening-off condition holds for all m ∈ M , n ∈ N , and k ∈ K:
Obviously, for a set of correlations to have a joint common cause system is much more demanding than to simply have a separate common cause system for each correlation. Now, let us complicate the picture a little further by introducing conditional probabilities. Suppose that events A m and B n are outcomes of measurements of the observables A m and B n , respectively. Let a m and b n , respectively denote the events that the appropriate measurement devices are set to measure the observables A m and B n , respectively. Let us refer to these events as measurement choices. To be more specific, suppose that each measurement choice a m in region V A can yield only two outcomes A m and A ⊥ m , and similarly the measurement choices b n in region V B can again yield only two outcomes B n and B ⊥ n . Finally, suppose that probability of the different measurement choices a m in region V A add up to 1, and similarly for the measurement choices b n in region V B . Now, the events A m and B n are said to be correlating in the conditional sense if for all A m , B n , a m , b n ∈ Σ (m ∈ M, n ∈ N ) the following holds:
What does a joint common causal explanation of these conditional correlations consists in? The answer to this question is given in the following definition:
Definition 4. A local, non-conspiratorial joint common causal explanation of the conditional correlations (14) consists in providing a partition {C k } in Σ such that for any m, m ′ ∈ M, n, n ′ ∈ N the following requirements hold:
The motivation behind requirements (15)- (18) is the following. Screening-off (15) is simply the application of the notion of common cause for conditional correlations: although A m and B n are correlating conditioned on a m and b n , they will cease to do so if we further condition on {C k }. Locality (16)- (17) is the natural requirement that the measurement outcome on the one side should depend only on the measurement choice on the same side and the value of the common cause but not on the measurement choice on the opposite side. Finally, no-conspiracy (18) is the requirement that the common cause system and the measurement choices should be probabilistically independent. (For the justification of the above requirements by Causal Markov Condition see (Glymour, 2006) .)
Let us now proceed further. A straightforward consequence of Definition 4 is the following proposition (Clauser, Horne, 1974) :
, a m and b n (m, n = 1, 2) be eight events in a classical probability measure space (Ω, Σ, p) such that the pairs {(A m , B n ); m, n = 1, 2} correlate in the conditional sense of (14). Suppose that {(A m , B n ); m, n = 1, 2} has a local, non-conspriratorial joint common causal explanation in the sense of Definition 4. Then for any m, m ′ , n, n ′ = 1, 2; m = m ′ ; n = n ′ the following classical Clauser-Horne inequality holds:
Proof. It is an elementary fact of arithmetic that for any α, α ′ , β, β ′ ∈ [0, 1] the number
lies in the interval [−1, 0]. Now let α, α ′ , β, β ′ be the following conditional probabilities:
Plugging (21)- (24) into (20) and using locality (16)- (17) one obtains
Using screening-off (15) one gets
Multiplying the above inequality by p(C k ), using no-conspiracy (18) and summing up for the index k one obtains
Finally, applying the theorem of total probability
one arrives at (19) which completes the proof. Proposition 1 plays a crucial role in understanding the CH inequality (19). It provides, so to say, a 'classical common causal justification' of the classical CH inequality by showing that (19) is a necessary condition for the existence of a local, non-conspriratorial joint common causal explanation for a set of conditional correlations.
The well-known situation in which the classical CH inequality (19) is violated and hence the correlations in question have no local, non-conspriratorial joint common causal explanation, is the EPR-Bohm scenario. Consider a pair of spin-1 2 particles prepared in the singlet state (see Fig. 2 ). Let a m (m = 1, 2) denote the event that the measurement apparatus is set to measure the spin in direction a m in the left wing; and let p(a m ) stand for the probability of a m . Let b n (n = 1, 2) and p(b n ) respectively denote the same for direction b n in the right wing. (Note that m = n does not mean that a m and b n are parallel directions.) Furthermore, let p(A m ) stand for the probability that the spin measurement in direction a m in the left wing yields the result 'up' and let p(B n ) be defined in a similar way in the right wing for direction b n . According to the statistical algorithm of quantum mechanics the conditional probability of getting an 'up' result provided we measure the spin in direction a m in the left wing; getting an 'up' result provided we measure the spin in direction b n in the right wing; and getting 'up-up' result provided we measure the spin in both directions a m and b n are given by the following relations:
where θ ambn denotes the angle between directions a m and b n . For non-perpendicular directions a m and b n (28)-(30) predict conditional correlations specified in (14). Now, in order to provide a classical local, non-conspiratorial joint common causal explanation for these correlations, the conditional probabilities (28)- (30) have to satisfy the classical CH inequality (19). Since for appropriate choice of the measurement directions this inequalitity is violated, EPR correlations cannot be given a classical local, non-conspiratorial joint common causal explanation.
Observe that up to this point everything has been classical. Quantum mechanics (QM) was simply used to generate classical conditional probabilities by the Born rule. These conditional probabilities, however, could also have been directly obtained from the laboratory and in the actual experiments they are gained in this direct way indeed. So it is completely satisfactory to interpret the EPR scenario-in accord with the quote from Gisin in the Introduction-as a classical situation with classical conditional correlation (between detector clicks) violating the classical CH inequality (19) (see (Szabó 1998) ). But this is not the standard interpretation. The standard way to describe the above EPR situation is to adopt another mathematical formalism, the formalism of quantum theory. Here events are represented as projections of the von Neumann lattice of the tensor product matrix algebra M 2 (C) ⊗ M 2 (C) and probabilities are gained by the quantum states. So instead of (28)- (30) one writes the following:
where A m and B n denote projections onto the eigensubspaces with eigenvalue + 1 2 of the spin operators associated with directions a m and b n , respectively, and φ s ( · ) = T r(ρ s · ) is the singlet state. Moreover, if we go over to AQFT, these projections will be localized in a well-defined spacetime region.
Substituting the non-classical probabilities (31)-(33) into the non-classical CH inequality (2) defined in the Introduction one finds a violation of this inequality for appropriate choices of the projections A m , B n . But what does it mean? First, it is important to be aware of the fact that now we adopt another theory to account for correlations. But then we need to take the consequences of this move seriously. This means that we need to represent every event of the model as projections of a von Neumann algebra. Among them common causes! So the following questions arise: Can the classical notion of the common cause (system) generalized for the non-classical case? What is the relation of this non-classical notion of common cause to the non-classical CH inequality (2)? Does there exist a non-classical common causal justification of the Bell inequalities used in AQFT similar to the classical one?
As it will turn out soon, one can generalize the notion of the common cause also for the algebraic quantum field theoretical setting, and one can also give a precise definition of a local, nonconspiratorial joint common causal explanation of a set of correlations in AQFT. However, it also will turn out that there is no direct relation between this common causal explanation and the Bell inequalities. Or to put it briefly, correlation violating the Bell inequality can still have a local, nonconspiratorial joint common causal explanation. In order to see all these, first we have to generalize the notions of this Section to the quantum case.
Non-classical common causal explanation
Let us first generalize the notion of the common cause system to the quantum case in the following way. Replace the classical probability measure space (Ω, Σ, p) by the non-classical probability measure space (N , P(N ), φ) where P(N ) is the (non-distributive) lattice of projections (events) and φ is a state of a von Neumann algebra N . We note that in case of projection lattices we will use only algebra operations (products, linear combinations) instead of lattice operations (∨, ∧). In case of commuting projections A, B ∈ P(N ) lattice operations can be given in terms of algebraic operations.
A set of mutually orthogonal projections {C k } k∈K ⊂ P(N ) is called a partition of the unit 1 ∈ N if k C k = 1. Two commuting projections A and B ∈ P(N ) are said to be correlating in the state φ : N → C if
Since φ is linear, a kind of 'theorem of total probablity', i φ(AP i ) = φ(A i P i ) = φ(A), holds for any partition {P i } of the unit, hence (34) is equivalent to
Now, following the lines of Definition 2 one can characterize the non-classical common cause system of the correlation (34) as a screener-off partition of the unit. To make the definition meaningful we have to introduce the following conditional expectation E c : N → C:
where {C k } k∈K is a partition of the unit of N (Umegaki, 1954) . The image C of this map is a unital subalgebra of N containing exactly those elements that commute with
for example. By means of this conditional expectation we can define the notion of the common cause system in the non-classical case:
Definition 5. A partition of the unit {C k } k∈K ⊂ P(N ) is said to be the common cause system of the commuting events A, B ∈ P(N ), which correlate in the state φ : N → C, if for those k ∈ K for which φ(C k ) = 0, the following condition holds:
If C k commutes with both A and B for all k ∈ K, we call {C k } k∈K a commuting common cause system, otherwise a noncommuting one. A common cause system of size |K| = 2 is called a common cause.
Some remarks are in place here. First, using the 'theorem of total probability' the common cause condition (37) can be written as
One can even allow here the case φ(C k ) = 0, since then both sides of (38) are zero. Second, the non-classical character of the common cause system of Definition 5 lies in the fact that the common cause system need not commute with the correlating events. If the events A and B commute with C k , k ∈ K, then not only C k ∈ C but also A, B, A ⊥ , B ⊥ ∈ C, and therefore E c (ABC k ) = ABC k , for example. Thus, the conditional expectation E c vanishes from the defining equation (37); and (38) leads to
Finally, it is obvious from (39) that if C k ≤ X with X = A, A ⊥ , B or B ⊥ for any k ∈ K then {C k } k∈K serve as a common cause system (and hence a commuting common cause system) of the given correlation independently of the chosen state φ. These solutions are called trivial common cause systems. In case of common cause, |K| = 2, triviality means that
Having generalized the notion of the common cause system for the quantum case, the next step is to localize it. Suppose that the projection A is localized in the algebra A(V A ) with support V A and the projection B is localized in the algebra A(V B ) with support V B such that V ′′ A and V ′′ B are spacelike separated double cones in a spacetime S. A common cause system {C k } k∈K is said to be a commuting/noncommuting (strong/weak) common cause system of the correlation between A and B if {C k } k∈K is localizable in an algebra A(V C ) with support
In the same vein, we obtain the definition of the joint common cause system in the non-classical case. Let {(A m , B n ); m ∈ M, n ∈ N } be a set of pairs of commuting projections correlating in the sense that
Definition 6. A partition of the unit {C k } k∈K ⊂ P(N ) is said to be a joint common cause system of the set {(A m , B n ); m ∈ M, n ∈ N } of commuting pairs of correlating events, if for any k ∈ K, when φ(C k ) = 0, the conditions
hold, where E c is the conditional expectation defined in (36). Again, if {C k } k∈K commutes with A m and B n for all m ∈ M, n ∈ N , then we call it a commuting joint common cause system, otherwise a noncommuting one.
Equation (41) can again be understood in the more permissive way as
incorporating cases when φ(C k ) = 0. And here comes a subtle point. Having introduced the notion of the joint common cause system of a correlation in the preceding Section we went over to conditional correlations and defined a local, non-conspriratorial common causal explanation of these correlations. What is the analogue move in the non-classical case? We claim that we need not introduce any new concept; the definition of a local, non-conspriratorial common cause system in the non-classical case is just identical to the one given in Definition 6 that is to the definition of the joint common cause system. For the details see the Appendix (and (Butterfield 1995) ). So from now on we drop the prefix 'local, non-conspiratorial' before the term 'joint common cause system' in the non-classical case. Now, we are able to ask whether there is a proposition similary to Proposition 1 in the non-classical case, that is whether one can derive a CH inequality (2) from the fact that the set of correlating projections {(A m , B n ); m ∈ M, n ∈ N } has a joint common causal explanation? The following proposition provides a sufficient condition.
Proposition 2. Let A m ∈ A(V A ) and B n ∈ A(V B ) (m, n = 1, 2) be four projections localized in spacelike separated spacetime regions V A and V B , respectively, which correlate in the locally faithful state φ in the sense of (40). Suppose that {(A m , B n ); m, n = 1, 2} has a joint common causal explanation in the sense of Definition 6. Then for any m, m ′ , n, n ′ = 1, 2; m = m ′ ; n = n ′ the CH inequality
holds for the state φ • E c . If the joint common cause is a commuting one, then the CH inequality holds for the original state φ:
Proof. Substituting the expressions
into the inequality
and using (41) we get
Multiplying the above inequality by φ(C k ) and summing up for the index k one obtains
which leads to (43) by performing the summation. If {C k } k∈K is a commuting joint common cause system, then E c drops out from the above expression since all the arguments are in C (see the remark before (38)). Therefore (50) becomes identical to (44), which completes the proof.
First note that similarly to Proposition 1, neither Proposition 2 refers to the spacetime localization of {C k } in a direct way. Indirectly, however, it restricts the localization of the possible joint common cause systems for states violating the CH inequality (44): the support of {C k } must intersect the union of the causal past or the causal future of V A ∪ V B . It is so because otherwise the support of {C k } k∈K would be spacelike separated from those of A and B, and hence {C k } would be a commuting joint common cause system for a set of correlations violating the CH inequality (44), in contradiction with Proposition 2. Proposition 2-similarly to Proposition 1-provides a common causal justification of the CH inequality (44). It states that in order to yield a commuting joint common causal explanation for the set {(A m , B n ); m, n = 1, 2} the CH inequality (44) has to be satisfied. But what is the situation with noncommuting common cause systems? Since-apart from (43)-Proposition 2 is silent about the relation between a noncommuting joint common causal explanation and the CH inequality (44), the question arises: Can a set of correlations violating the CH inequality (44) have a noncommuting joint common causal explanation? Before addressing this question, we pose an easier one: Can a single correlation have a common causal explanation in AQFT? This leads us over to the question of the validity of the Common Cause Principles in AQFT.
Common Cause Principles in algebraic quantum field theory
Reichenbach's Common Cause Principle (CCP) is the following hypothesis: If there is a correlation between two events and there is no direct causal (or logical) connection between the correlating events, then there exists a common cause of the correlation. The precise definition of this informal statement that fits to the algebraic quantum field theoretical setting is the following:
Definition 7. A P K -covariant local quantum theory {A(V ), V ∈ K} is said to satisfy the Commutative/Noncommutative (Weak/Strong) Common Cause Principle if for any pair A ∈ A(V 1 ) and B ∈ A(V 2 ) of projections supported in spacelike separated regions V 1 , V 2 ∈ K and for every locally faithful state φ : A → C establishing a correlation between A and B, there exists a nontrivial commuting/noncommuting common cause system {C k } k∈K ⊂ A(V ), V ∈ K of the correlation (34) such that the localization region V is in the (weak/strong) common past of V 1 and V 2 .
What is the status of these six different notions of the Common Cause Principle in AQFT? The question whether the Commutative Common Cause Principles are valid in a Poincaré covariant local quantum theory in the von Neumann algebraic setting was first raised by Rédei (1997 Rédei ( , 1998 . As an answer to this question, Summers (2002, 2007) have shown that the Commutative Weak CCP is valid in algebraic quantum field theory with locally infinite degrees of freedom. Namely, in the von Neumann setting they proved that for every locally normal and faithful state and for every superluminally correlating pair of projections there exists a weak common cause, that is a common cause system of size 2 in the weak past of the correlating projections. They have also shown (Rédei and Summers, 2002, p 352) that the localization of a common cause C < AB cannot be restricted to wpast(V 1 , V 2 ) \ I − (V 1 ) or wpast(V 1 , V 2 ) \ I − (V 2 ) due to logical independence of spacelike separated algebras.
Concerning the Commutative (Strong) CCP less is known. If one also admits projections localized only in unbounded regions, then the Strong CCP is known to be false: von Neumann algebras pertaining to complementary wedges contain correlated projections but the strong past of such wedges is empty (see (Summers and Werner, 1988) and (Summers, 1990) ). In spacetimes having horizons, e.g. those with Robertson-Walker metric, the common past of spacelike separated bounded regions can be empty, although there are states which provide correlations among local algebras corresponding to these regions (Wald 1992 ).
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Hence, CCP is not valid there. Restricting ourselves to local algebras in Minkowski spaces the situation is not clear. We are of the opinion that one cannot decide on the validity of the (Strong) CCP without an explicit reference to the dynamics since there is no bounded region V in cpast(V 1 , V 2 ) (hence neither in spast(V 1 , V 2 )) for which isotony would ensure that A(V 1 ∪ V 2 ) ⊂ A(V ′′ ). But dynamics relates the local algebras since A(
and for certain time translation by t. Coming back to the proof of Rédei and Summers, the proof had a crucial premise, namely that the algebras in question are von Neumann algebras of type III. Although these algebras arise in a natural way in the context of Poincaré covariant theories, other local quantum theories apply von Neumann algebras of other type. For example, theories with locally finite degrees of freedom are based on finite dimensional (type I) local von Neumann algebras. This raised the question whether the Commutative Weak CCP is valid in other local quantum theories. To address the problem HoferSzabó and Vecsernyés (2012a) have chosen the local quantum Ising model (see Müller, Vecsernyés) having locally finite degrees of freedom. It turned out that the Commutative Weak CCP is not valid in the local quantum Ising model and it cannot be valid either in theories with locally finite degrees of freedom in general.
But why should we require commutativity between the common cause and its effects at all? Commutativity has a well-defined role in any quantum theories: observables should commute to be simultaneously measurable. In AQFT commutativity of observables with spacelike separated supports is an axiom. To put it simply, commutativity can be required for events which can happen 'at the same time'. But cause and effect are typically not this sort of events. If one considers ordinary QM, one well sees that observables do not commute even with their own time translates in general. For example, the time translate x(t) := U (t) −1 xU (t) of the position operator x of the harmonic oscillator in QM does not commute with x ≡ x(0) for generic t, since in the ground state vector ψ 0 we have
Thus, if an observable A is not a conserved quantity, that is A(t) = A, then the commutator We think that commuting common causes are only unnecessary reminiscense of their classical formulation. Due to their relative spacetime localization, that is due to the time delay between the correlating events and the common cause, it is also an unreasonable assumption. Abandoning commutativity in the definition of the common cause is therefore a natural move. To our knowledge the first to contemplate the possibility of the noncommuting common causes were Clifton and Ruetsche (1999) in their paper criticizing Rédei (1997 Rédei ( , 1998 who required commutativity from the common cause. They say: "[requiring commutativity] bars form candidacy to the post of common cause the vast majority of events in the common past of events problematically correlated" (p 165). And indeed, the benefit of allowing noncommuting common causes is that the noncommutative version of the result of Rédei and Summers can be regained: as it was shown in (Hofer-Szabó and Vecsernyés 2012b), by allowing common causes that do not commute with the correlating events, the Weak CCP can be proven in local UHF-type quantum theories. Now, let us turn to our original question as to whether a set of correlations violating the CH inequality (2) can have a noncommuting joint common causal explanation in AQFT. Since our answer is provided in an AQFT with locally finite degrees of freedom, in the local quantum Ising model, we give a short and non-technical tutorial to this model in the next Section. (For more detail see (Hofer-Szabó, Vecsernyés, 2012c).) 6 Noncommutative common causes for correlations violating the CH inequality
Consider a 'discretized' version of the two dimensional Minkowski spacetime M 2 which is composed of minimal double cones O m (t, i) of unit diameter with their center in (t, i) for t, i ∈ Z or t, i ∈ Z+1/2. The set {O m i , i ∈ 1 2 Z} of such minimal double cones with t = 0, −1/2 defines a 'thickened' Cauchy surface in this spacetime (see Fig. 3 
Now, the local algebras A(O i,j ), O i,j ∈ K m CS are linearly spanned by the monoms
2 Z for n ∈ N are isomorphic to the full matrix algebra M 2 n (C), the quasilocal observable algebra A is a uniformly hyperfinite (UHF) C * -algebra and consequently there exists a unique (non-degenerate) normalized trace Tr : A → C on it. We note that all nontrivial monoms in (53) have zero trace.
In order to extend the 'Cauchy surface net' {A(O), O ∈ K m CS } to the net {A(O), O ∈ K m } in a causal and time translation covariant manner one has to classify causal (integer valued) time evolutions in the local quantum Ising model. This classification was given in (Müller, Vecsernyés) and it also was shown that the extended net satisfies isotony, Einstein causality, algebraic Haag duality
Z × Z covariance with respect to integer time and space translations and primitive causality:
where V is a finite connected piece of a thickened Cauchy surface (composed of minimal double cones). V ′′ denotes the double spacelike complement of V , which is the smallest double cone in K m containing V . We will be interested here only in a special subset of these causal automorphisms given by:
(In our following example we need not specify the choice for β(U x ), x ∈ Z.) Now, consider the double by the monoms
(where i in the fourth monom is the imaginary unit). They satisfy the same commutation relations like the Pauli matrices σ 0 = 1, σ x , σ y and σ z in M 2 (C). Therefore, introducing the notation
any minimal projection in A(O A ) can be parametrized as
where a = (a 1 , a 2 , a 3 ) is a unit vector in R 3 . In the same vein, any minimal projection in A(O B ) can be paremetrized as
where 
For λ = 1 the state defined by (62) gives us back the usual singlet state. It is easy to see that in the state (62) the correlation between A m and B n will be:
where , is the scalar product in R
3
. In other words A m and B n will correlate whenever a 
the CH inequality (2) will be violated at the lower bound since
which is smaller than
. Or, equivalently, the CHSH inequality (1) where
will be violated for the above setting since
. Both the CH and the CHSH inequality are maximally violated for the singlet state, that is if λ = 1.
The question whether the four correlations {(A m , B n ); m, n = 1, 2} violating the CH inequality (2) have a joint common causal explanation was answered in (Hofer-Szabó, Vecsernyés, 2012c) by the following
; m, n = 1, 2 be four projections defined in (59) 
where c = (c 1 , c 2 , c 3 ) and c ′ = (c Finally, here is a Proposition (consistently with the derivability of a CH inequality from the commuting joint common cause system) claiming that there exists no commuting joint common cause for these correlations even without any restriction to their localization (Hofer-Szabó, Vecsernyés, 2012c):
; m, n = 1, 2 be projections defined in (59)- (60) Proposition 3 answers the question raised at the end of the last Section as to whether there is a common causal justification of the CH inequalities in the general, that is in the noncommuting case. The answer to this question is clearly no. The violation of the CH inequality for a given set of correlation does not prevent us from finding a common causal explanation for them. All we have to do is to extend our scope of search and to embrace noncommuting common causes in the common causal explanation. So the Bell inequalities in the non-classical case do not play the same role as in the classical one. In the classical case there was a direct logical link between the possibility of a common causal explanation and the validity of the Bell inequalities; here the violation of the Bell inequalities excludes only a subset of the possible common causal explanations containing the commuting ones. To put it differently, taking seriously the ontology of AQFT where events are represented by not necessarily commuting projections, one can provide a common causal explanation in a much wider range than simply sticking to commutative common causes.
On the meaning of noncommuting common causes
But what are the consequences of applying noncommutative common causes? Let us see the story from the beginning, going back to Reichenbach's original definition of the common cause. The Reichenbachian common cause has the nice property that the presence of a common cause implies a (positive) correlation between the events in question. This fact is a simple consequence of the following identity:
It is straightforward to check that if C is a Reichenbachian common cause fulfilling requirements (6)- (9) then the right hand side of (73) is positive therefore there is a positive correlation between A and B. In this sense the common cause provids a Hempelian explanation for the correlation.
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Going over to the notion of the common cause system this 'explanatory force' of the common cause disappears: from the presence of the common cause (11) the correlation (10) between A and B does not follow. (For an attempt to define the notion of the common cause system such that it preserves this deductive relation between the common cause system and the correlation see Rédei 2004, 2006) .) The noncommutative generalization of the common cause system is one step further into the direction of relaxing the relation between the common cause and the correlation. Here not only the deductive relation between the common cause and the correlation gets lost, but also the relation between the conditioned and unconditioned probalitity of the correlating events. Namely,
That is the state φ c differs from φ for A ∈ A \ Im E c in general, which means that the statistics of A can differ depending on whether we calcutate it directly from the state φ or as a weighted average of conditional probabilities over the subensembles C k . But then one might come up with the following concern: Noncommuting common causes are not actual but only contrafactual entities since if the C k -s had been realized, then we would have ended up with another probability (the right hand side of (74)) for the correlating events than the actual ones (the left hand side of (74)). So these common causes cannot be realized in the same (actual) world in which those event are accomodated which they are supposed to explain.
We do not consider this objection to be serious against the application of noncommuting common causes. An analogy between the notion of the common cause and the notion of the cause in QM might help to illuminate why. An observable/event X can be said to be the cause of another observable/event Y in QM, if X evolves in time into Y . But if X and Y do not commute, then had X been earlier realized, the unitary dynamics would have been distorted, so X would not have evolved into Y . Still, we regard X to be the cause of Y . Similarly, C is a common cause of A and B if conditioned on it the correlation between A and B disappears. If C does not commute with A and B, then had C been realized, the statistics would have been distorted, so the probability of A, B and AB would be different. Still, we think that C is the common cause.
What is important to see here is that the definition of the common cause does not contain the requirement (which our classicaly informed intuition would dictate) that the conditional probabilites, when added up, should give back the unconditional probabilities, that is φ = φ c should fulfil. Or in other words, that the probability of the correlating events should be built up from a finer description of the situation provided by the common cause. To put it in a more formal way: the theorem of total probability is not part of the definition of the common cause.
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The defining property of the common cause is simply the screening-off.
So common causes might not be realized without the distortion of the statistics of the original correlating events. But this fact is ubiquitous for noncommuting observables in QM. If we tolerate this fact in general, then why not to tolerate it for common causes? As we have seen, allowing noncommuting common causes helps us to maintain Bell's original intuition concerning local causality.
Conclusions
In the paper we saw that the Bell inequalities used in AQFT cannot be given a common causal justification similar to the classical Bell inequalities if we allow noncommuting common causes in the explanation. Just the opposite is true: for a set of correlations violating the CH inequalities a noncommutative common causal explanation can be given and this common cause can be localized in the common past of the correlating events. Thus, abandoning commutativity gives us extra freedom in the search of common causes for correlations. But how big is this freedom? Is it big enough to find a common cause for any set of correlations? We saw that for the worst candidate, so to say, for the set maximally violating the CH inequality we have found such a common cause. But does it mean that this strategy can be applied across the board? What is the range of correlations for which a joint common causal explanation can be given? Is this range determined only by the size of the set of correlations or by some other properties thereof? Is it true for example that for any finite set of correlations a weak joint common causal explanation can always be given? Or to put it in a more formal way, can one always find a partition of the unit for any finite set of correlations such that the necessary condition (43) for a joint common causal explanation fulfills? All these questions are still open.
Appendix: In what sense non-classical joint common cause systems are local and non-conspiratorial?
In Section 4 we claimed that Definition 6 of the joint common cause system is the correct non-classical generalization of Definition 4 of the (classical) local, non-conspiratorial joint common cause system. But how can the single non-classical screening-off condition (41) generalize not only the classical screening-off condition (15) but also the locality conditions (16)-(17) and non-conspiracy (18)? This is the question we address in this Appendix.
Let us first introduce a classical probability measure p C k on a common measure space (Ω, Σ) for every element of a classical common cause system {C k , k ∈ K}, if p(C k ) = 0:
With this denotation screening-off (15), locality (16)- (17), and no-conspiracy (18) will read as
if one uses no-conspiracy (18) in the first three equations. The subscript C k of the probability measure might remind the reader to the standard hidden variable approach where a parameter λ is used to index a set of probability measures on a common event algebra. In this approach the derivation of the Bell inequalities then proceeds through the summation/integration over this parameter. In our opinion this indexical treatment of the common cause conceals an important fact, namely that the common cause and the correlating events stand on the same ontological footing: they are all events, accomodated in a common event algebra with a single probability measure. Therefore the index in (76)- (79) is simply an abbreviation of the conditionalization (75), which abbreviation is motivated by trying to find a classically equivalent form, where the non-classicaly meaningless expression a m ∧ b n ∧ C k of non-commuting quantities can have a definite interpretation. (See below.) Now, how does the non-classical Definition 6 of the joint common cause system relate to the above characterization of a classical local, non-conspiratorial joint common cause system? The link is provided by the (in our oppinion) correct interpretation of the non-classical probabilities according to which quantum probabilities are classical conditional probabilities. The quantum probability φ(X) of a projection X is to be interpreted as a conditional probability p(X cl |x cl ) of getting the outcome X cl given the quantity x cl has been set to be measured. The precise mathematical formulation of this interpretation is given in the so-called 'Kolmogorovian Censorship Hyptothesis'. Here we just state the proposition; for the proof see (Bana and Durt 1997) , (Szabó 2001) and (Rédei 2010) .
Kolmogorovian Censorship Hypothesis. Let (N , P(N ), φ) be a non-classical probability space. Let Γ be a countable set of non-commuting selfadjoint operators in N . For every Q ∈ Γ, let P(Q) be a maximal Abelian sublattice of P(N ) containing all the spectral projections of Q. Finally, let a map p 0 : Γ → [0, 1] be such that
Then there exists a classical probability space (Ω, Σ, p) such that for every projection X 
The intuitive content of the above proposition is the following. A set of incompatible observables represented by noncommuting selfadjoint operators in the set Γ are selected for measurement with the probabilities p 0 (Q) specified in (80). This measurement and selection procedure is then represented by classical events X Q cl and x Q cl , respectively: X Q cl represents a certain measurement outcome of the measurement Q, and x Q cl is the classical event of setting up the measurement device to measure Q. Condition (81) expresses that no outcome is possible without this setting up of a measuring device. Condition (82) expresses that incompatible observables Q and R cannot be simultaneously measured: the measurement choices x Q cl and x R cl are disjoint events. Condition (83) states that the classical probability model captures the prescribed probabilities p 0 (Q) as the probability of the measurement choices. Finally, condition (84) is the central relation of the Hypothesis, it states that quantum probabilities can be written as classical conditional probabilities: conditional probabilities of outcomes of measurements on condition that the appropriate measuring device has been set up.
Applying the above proposition to our case,
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we obtain that the quantum probabilities φ(A m ), φ(B n ) and φ(A m B n ) can be interpreted as classical conditional probabilities p(A m |a m ), p(B n |b n ) and p(A m ∧ B n |a m ∧ b n ), respectively, with A m , B n , a m and b n (m ∈ M, n ∈ N ) accomodated in a classical probability space (Ω, Σ, p). Hence the quantum correlations φ(A m B n ) = φ(A m ) φ(B n )
between the elements of the set {(A m , B n ); m ∈ M, n ∈ N } can be interpreted as conditional correlations
between classical measurement outcome events conditioned on measurement choice events in accordance with (14) . To see the link between the classical and non-classical version of the common cause let us first introduce a similar notation for the conditionalization on C k in the non-classical case, if φ(C k ) = 0, as was introduced above in (75) for the classical case, that is let
With this notation the definition of the non-classical joint common cause system reads as follows:
Using the Kolmogorovian Censorship Hypothesis the classical interpretation of (88) is the following:
which is almost the screening-off (76) except that the conditions on the right hand side are not a m ∧ b n . This defect will be cured however by the locality conditions. Observe namely that since A m and B n commute, therefore
which translated into classical conditional probabilities due to the Kolmogorovian Censorship Hypothesis read as:
Now, observe that (92)-(93) are equivalent to locality (77)-(78), so locality is 'automatically' fulfilled for the non-classical common cause due to the commutativity of A m and B n . (This fact is sometimes referred as the 'no-signalling theorem'; for more on that see (Schlieder 1969) .) Moreover (92)- (93) also cure the defect of (89), since
on the right hand side of (89) can be replaced with
turning (89) into the classical screening-off property (76).
Putting all this together, a non-classical, local, non-conspiratorial joint common causal explanation of the correlations (85) is a partition {C k } k∈K ⊂ P(N ) if for any k ∈ K the following requirements hold:
φ C k (1) = 1.
which using the Kolmogorovian Censorship Hypothesis as a 'translation manual' leads us over to the classical, local, non-conspiratorial joint common causal explanation (76)- (79) of the correlations (86). But recall that (95)- (97) representing locality and no-conspiracy are just identities, and hence the screening-off condition (94) carries the whole content of the common causal explanation-in accordance with our Definition 6.
